
 

Completeness of R

Leastupperbound property

Every nonempty subsetof IR having an upper
bound must have a supremum

Nested intervals Property

If In an bnJ.ncN.is a nested sequenceof
closed bounded intends then ⺕5HRs.t 5EInfn.HN

Indeed o isequivalentwith20

20 Proved in Lecture

i i i i

Eg In 0 ⻔ Then 5 0 E In UnEN



10 i Assume NIP Need to prove LU BP

Let X be a nonempty subsetof Rand
X bebounded above by K

Since X is nonempty we can find some EX
Without lossof generality wemay assume to EX
Let I 0 灯

If È is an upperbound for Ii then define Ii 0⽓

Otherwise define I K

Continuing this process we can find a nestedsequence

of intervals In cnn.bnJS.t.tnEN

bn is an upperbound for X

⺕MEX st In EIanbig CCheck this

Length of In brian ⼆点

By NIP 20 ⼆ 5HRst.SE In UnEN

And since inflbn a.int N3 o

then 5 contained in In Un is unique

Theorem⼼了

Exercise Prove 5 is the supremum of X
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Application of the supremum Property

Exercise Existence of 浍了⼀

Let a so Show that Unt IN thereexists a

unique positive number ns.t.at a

Proof Existence

Let S ISHRiso.sc a3 Note that

I
O Stol Since o ES

S isboundedaboveby Ha
Since if sita then SS Hail It an a

By Supremumproperty S has a supremum

Let a supS so

If we can show Nia thenof course azo

Hence we want rule out two badcases

Nba and aka



We will use this elementary inequality if0

年

的

then
5 d b a rib at tbdidklb aj.n.li

Case I i Suppose is a

Want a 占了 3a for some large n

Then 北⽅ is also an upperbound for S

Contradicting to the feet that 孔⼆SupS

Note that
⼼ ⼀ ⽐前 E 知⼼

By Archimedean Property ⺕

mtNst.tnc.iq
nant

CX 如 a

Henle we have

X hsoandla hf.cn

If t x 前 then I 必知了 d

Hemet4S Thus 北⽅ is an upperbound for S



Case 2i Suppose ⼼ a

Want 九⼗六 a forsome large m

Then at前 ES

Contradicting to the feet that 孔⼆SupS

Note that

ㄨ⼗六 只如 占_n at his 品 HIM

By Archimedean Property
⺕MEN at 前 a i

n ⼼ 叫
如 a

Henle OEnc.at占 and 4㓠 a


